Abstract. M V −algebras were introduced by Chang to prove the completeness of the infinite-valued Lukasiewicz propositional calculus. In this paper we give a categorical equivalence between the varieties of (n + 1)−valued MV-algebras and the classes of Boolean algebras endowed with a certain family of filters. Another similar categorical equivalence is given by A.
A subset F ⊆ A is an implicative filter of A if 1 ∈ F and for all a, b ∈ A, a, a → b ∈ F implies b ∈ F . Implicative filters are lattice filter which are closed by the operation ⊙.
The family of all implicative filters of A is an algebraic lattice under set-inclusion, and it is isomorphic to the algebraic lattice of all congruence relations on A. For every implicative filter F of A and each x ∈ A we represent with [x] F the set of all elements y ∈ A such that x and y are F − congruent. An implicative filter of A is prime if is a lattice prime filter of A. We denote by χ(A) the set of all prime implicative filters of A. An implicative filter P of A is prime if and only if A/P is a chain.
The unit interval [0, 1] endowed with the operations x → y := min {1, 1 − x + y} and ¬x := 1−x is a W −algebra. For each positive integer n we denote by L n+1 the subalgebra of [0, 1] whose universe is 0, If A,→, ¬, 1 is an (n+1)−valued Wajsberg algebra then A, ∨, ∧, ¬, σ 1 , σ 2 , . . . , σ n , 0, 1 is an (n+1)−valued Lukasiewicz algebra, where the operators σ i , for 1 ≤ i ≤ n, are defined from the W −operations (see [10] ).
Let B be a Boolean algebra and n be an integer, n ≥ 1. We denote by B [n] the set of all increasing monotone functions from {1, 2, . . . , n} into B. B [n] with the operations of the lattice defined pointwise, the chain of constants 0 = c 0 < c 1 < . . . < c n−1 < c n = 1, where c k (i) = 1 if i ≥ n + 1 − k 0 if i < n + 1 − k for 0 ≤ k ≤ n, the negation defined by (¬f )(i) = ¬f (n + 1 − i) for each 1 ≤ i ≤ n and the modal operators σ i (f )(j) = f (i) for all 1 ≤ i ≤ n and 1 ≤ j ≤ n, is a Post algebra of order n + 1 (see [1] ); therefore it is an (n + 1)−valued Wajsberg algebra (see [16] ). In Theorem 1 a direct proof of this result is given, showing explicitly the form of the operations. In every (n + 1)−valued Wajsberg algebra, the prime filters occur in finite and disjoint chains, then by the Martínez's Unicity Theorem [13] the implication is determined by the order.
The duality
Theorem 1 Let B be a Boolean algebra and n ≥ 1 be an integer. Then B [n] , →, ¬, I
is an (n + 1)−valued Wajsberg algebra where B
[n] = {f : {1, 2, . . . , n} −→ B : f (i) ≤ f (j) for all i, j such that i ≤ j}, I is the constant function equal to 1 and, for f, g ∈ B
[n]
Then there is a prime filter P of B which verifies (1) (f → g)(k) ∈ P and (2) (f → g)(t) / ∈ P . From (2) there is an integer i 0 , 1 ≤ i 0 ≤ n − t + 1 such that
It follows from (1) that ¬f (i 0 ) ∨ g(i 0 + k − 1) ∈ P and by (3) we have g(i 0 + k − 1) ∈ P , thus it results g(i 0 + t − 1) ∈ P which contradicts (4). Therefore the operation → is well defined.
Let f, g, h ∈ B [n] . The following properties hold:
Let us observe that f ≤ g if and only if f → g = I. In fact, if f ≤ g we have
thus there is a prime filter P of B which
i.e., the statements (8) (g → h)(j 0 ) ∈ P and (9) (f → h)(j 0 + k − 1) / ∈ P hold. It follows from (9) that there is an integer i 0 , 1 ≤ i 0 ≤ n − j 0 − k + 2 which verifies
from (10) and (11) we have (12) ¬g(i 1 ) ∈ P . On the other hand, 1 ≤ j 0 implies n − j 0 + 2 ≤ n + 1, hence i 0 + k ≤ n − j 0 + 2 ≤ n + 1, i.e., i 0 ≤ n − k + 1; therefore from (7) we have ¬f (i 0 ) ∈ P or g(i 0 + k − 1) ∈ P while from (10) and (12) it results
We shall prove by induction on n that for every integer k,
Let k be an integer, 1 ≤ k ≤ n + 1,
(f (i) ∧ ¬g(i + h − 1)) and separating the term for h = n − k + 2 it results
Then, replacing Z(n + 1, k) and applying the inductive hypothesis we obtain
Remark 1 Let n ≥ 1 be an integer. We denote by Div(n) the set of all positive divisors of n. Let d ∈ Div(n). For each integer j, 1 ≤ j ≤ n, there exists an only integer q d,j ,
. Indeed, q d,j is the first element of the set
That is to say that the only block corresponding to the divisor d of n that contains j is that determined by q d,j .
Thus, for any d ∈ Div(n), we can think an n−tuple to be composed by d blocks, each one of them with n d
elements.
For short, in what follows we shall write
Corollary 1 Let B be a Boolean algebra, n ≥ 1 be an integer and h be a function from the lattice of divisors of n into the lattice of filters of B. Let M(B, h) be the set
) is a Post algebra of order n + 1.
It is easy to see that
In what follows let n ≥ 1 be an integer and let A be an (n + 1)−valued Wajsberg
In fact, suppose that there exists
Let ≡ Q d and ≡ P be congruences determined by Q d and P , respectively. It is clear that
The following statements hold:
where
defined in the following way: for each [ 
It is clear that ψ is well defined and it is an homomorphism. Besides ψ is bijective.
, there is some prime implicative filter
is the constant function equal to
and to note that [
n−a n . On the other hand,
for all x ∈ A and every integer
Proof. If n = 1 it is trivial. Suppose n > 1.
Suppose that there are d ∈ Div(n) and an integer 1
Then there exists P ∈ χ(A) which verifies A/P ≈ L d+1 and 14) . From (13) and (14) we obtain d ≤ q + a − 1 < d which is a contradiction.
(ii) ϕ is a W −homomorphism. It is immediate because the implication is determined by the order.
(iii) ϕ is injective. It is immediate from the Moisil's determination principle.
We construct z as follows. We define y d ∈ A as follow, where the element x d ∈ A is that obtained according to the Remark 2:
For every integer i,
Since
Suppose f (j) ≤ σ j (z); then there exists an homomorphism g : A −→ L n+1 such that g(f (j)) = 1 (15) and g(σ j (z)) = 0. But
and only if (16) g(f (1)) = 0 and g(f (i)) ∧ σ j (g(a i )) = 0 for all integer i, 2 ≤ i ≤ n. From (15) and (16) it results σ j (g(a j )) = 0 (17), being
which is a contradiction because q d,j is the first element of the set {q ∈
Suppose now σ j (z) ≤ f (j); then there exists an homomorphism g :
if and only if there is an integer
which is a contradiction. Thus, d 0 > 1.
By Remark 3 we have that (g(y
, then by (20) we obtain g(f (j)) = 1 which contradicts (18). Therefore σ j (z) ≤ f (j).
if B is a Boolean algebra and h is a function from the lattice of divisors of n into the lattice of filters of B such that h(n) = {1} and h(gcd{d, r}) = h(d) ∨ h(r), for every d, r ∈ Div(n) (gcd{d, r} is the greatest common divisor of the set {d, r}).
(b) Objects B 1 , h 1 and B 2 , h 2 in B n+1 are isomorphic if exists a boolean isomor-
Remark 4 Let A,→, ¬, 1 be an (n + 1)−valued Wajsberg algebra. Then
In fact, let r, t ∈ Div(n) and let m be the greatest common divisor of the set {r, t}. It is clear that if r divides t then P t ⊆ P r , this implies P t ∨ P r ⊆ P m . For the other inclusion it is easy to verify that A/P ⊆ L t+1 and A/P ⊆ L r+1 implies A/P ⊆ L m+1 , for every prime implicative filter P of A.
Theorem 3 Let B, h ∈ B n+1 and let A = M(B, h). Then B, h and B(A), h A are isomorphic objects in B n+1 .
Proof. Let B, h ∈ B n+1 and let A = M(B, h). By Corollary 1 we know that M(B, h), →, ¬, I is an (n+ 1)−valued Wajsberg algebra where I is the constant function equal to 1,
and every integer 1 ≤ k ≤ n. It is easy to see that B(A) is the subalgebra that consist of all constant functions. If h A is the function from the lattice of divisors of n into the lattice
(because Remark 4).
Let µ : B −→ B(A) such that µ(a) is the constant function from {1, 2, . . . , n} into B that takes the value a, for each a ∈ B. It is clear that µ is a boolean isomorphism from
B onto B(A).
To complete the proof we should prove that µ
There exists isomorphisms ψ 1 from χ(B) onto χ(B(A)) and ψ 2 from χ(B(A)) onto χ(A) defined in the following way. For each ultrafilter P of B, ψ 1 (P ) = µ(P ) = {µ(x) : x ∈ P } and for each ultrafilter Q of B(A), ψ
2 (P ) = P ∩ B(A) for each prime implicative filter P of A. Therefore, given a prime implicative filter P of A = M(B, h), we consider Q = Indeed, let η :
Let f, g ∈ A = M(B, h) such that f and g are P −congruent. Then there exists a ∈
2 (P ) and a n (i) = a(1) for each i, we have that a(1) = µ −1 (a n ) ∈
is Q−congruent with g(i) for every i ∈ {1, . . . , n}. Therefore η is well defined.
Thus there are elements a 1 , a 2 , . . . , a n ∈ Q which verify f (i)
hence η is injective. It is easy to see that η is an isomorphism.
We shall prove now µ is a multiple of n/d. Hence from Fact 2, if f ∈ M(B/Q, h(d)) has k components equal to
is maximal among all the filters of B which not containing the element a). It is clear that a = 1, then it exists at least a positive integer r ∈ Div(n) such that a / ∈ h(r). Let {r 1 , . . . , r s } = {r ∈ Div(n) : a / ∈ h(r)} and let m be greatest common divisor of the set {r 1 , . . . , r s }. Since a / ∈ h(r j ) we have h(r j ) ⊆ Q 0 for every j, 1 ≤ j ≤ s. Hence 
a ∈ h(m) which is a contradiction.
Let W n+1 be the category of (n + 1)−valued W −algebras and W −homomorphisms. Let B n+1 be the category whose objects are pairs in B n+1 and whose morphisms are defined in the following way: if O 1 = B 1 , h 1 and O 2 = B 2 , h 2 are objects in this category, θ is a morphism from O 1 into O 2 if it is a boolean homomorphism from B 1 into
It is easy to see that θ is an isomorphism from O 1 onto O 2 if it is a boolean isomorphism
Let B be defined from W n+1 to the category B n+1 as follows: (i) For each object A = A,→, ¬, 1 in the category W n+1 , B(A) = B(A), h A , where B(A) is the set of boolean elements of A and for all d divisor of n, h A (d) = P d ∩ B(A),
(ii) If A 1 and A 2 are objects in the category W n+1 and g :
It is immediate that B(g) is a boolean homomorphism. Moreover, B(g) is a B n+1 −mor-
exists a prime implicative filter P of A 2 such that A 2 /P ⊆ L d+1 and g(a) / ∈ P . Thus
It is easy to verify that B is a functor.
Let M be defined from B n+1 to W n+1 as follows: (i) For each object B, h in the category B n+1 , let M ( B, h ) = M(B, h), →, ¬, I . (ii) If B 1 , h 1 and B 2 , h 2 are objects in the category B n+1 and g is a B n+1 −morphism
It is verifies that M is a functor.
From Theorems 2 and 3 it is easy to see that the functors B and M define a natural equivalence between the categories W n+1 and B n+1 .
In [5] R. Cignoli defines the (n + 1)−valued Boolean spaces and establishes the result which appears below as Theorem 4.
Definition 2 (i) An (n + 1)−valued Boolean space is a pair X, h where X is a Boolean space and h is a meet-homomorphism from the lattice of positive divisors of n into the lattice of closed subsets X, such that h(n) = X.
(ii) A morphism from X, h into Y, g is a continuous function ϕ :
Theorem 4 [5]
For each (n + 1)−valued MV −algebra A, there is a unique (up to isomorphisms) (n + 1)−valued Boolean space X, h such that A is isomorphic to the (n + 1)−valued MV −algebra formed by the continuous functions f : X −→ L n+1 such that if U ∈ S n−k+1 \ S n−k , for 1 ≤ k ≤ n − 1,
It is easy to see that g is continuous because L n+1 has the discrete topology, g −1 ({1}) = s(g(1)), g −1 ({0}) = χ(B(A)) \ s(g(n)) and for each 1 ≤ k ≤ n − 1, g −1 ({ k n }) = s(g(n − k + 1)) ∩ (χ(B(A)) \ s(g(n − k))), all open sets in χ(B(A)).
Let j ∈ Div(n); for j = n we have g(h(n)) = g(χ(B(A)) ⊆ L n+1 . For j = n, given U ∈ h(j) = δ(F j ) = ∩{s(a) : a ∈ F j } we have that U ∈ s(a) for every a ∈ F j , i.e., F j ⊆ U. If g(1) ∈ U then g(U) = 1 ∈ L j + 1. If g(1) / ∈ U, let r be the greatest positive integer which verifies g(i) / ∈ U, for 1 ≤ i ≤ n. If r = n then g(U) = 0 ∈ L j + 1. If r < n then g(r + 1) ∈ U. Let q be the first element of the set {t ∈ N : 1 ≤ t ≤ j, r ≤ ; thus q − 1 ∈ {t ∈ N : 1 ≤ t ≤ j, r ≤ t n j } which is a contradiction. Therefore g ∈ C and Ψ is well defined.
being Ψ ((a 1 , . . . , a n )) = a the function from χ(B(A)) into L n+1 defined by a(U) =        1 if U ∈ s(a 1 ), k n if U ∈ s(a n−k+1 ) \ s(a n−k ), for 1 ≤ k ≤ n − 1, 0 if U / ∈ s(a n ).
Therefore Ψ is surjective.
It is immediate that Theorem 2 follows from Theorem 4 considering the function Ψ −1 : C −→ M.
